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Non spoiler alert: this didn’t happen in game of thrones



You observe n datapoints: 

Maximum Likelihood Estimator
x(1), . . . , x(n)

<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

X(1), . . . , X(n)
<latexit sha1_base64="8ecriZO7NK5IzR4/GABdStbKcJw=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkOSEcowG3/FjQtF3PoZ7vwb03YW2nogcHLOvTe5x485U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99M/fYjlYpF4l5PYuqFeChYwAjWRurbx52HtOxWsirqDSKtqmh6F5Wsb5ecmjMDWiZuTkqQo9G3v8wAkoRUaMKxUl3XibWXYqkZ4TQr9hJFY0zGeEi7hgocUuWlswUydGaUAQoiaY7QaKb+7khxqNQk9E1liPVILXpT8T+vm+jgykuZiBNNBZk/FCQc6QhN00ADJinRfGIIJpKZvyIywhITbTIrmhDcxZWXSeu85jo19+6iVL/O4yjACZxCGVy4hDrcQgOaQCCDZ3iFN+vJerHerY956YqV9xzBH1ifPzGXlNY=</latexit><latexit sha1_base64="8ecriZO7NK5IzR4/GABdStbKcJw=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkOSEcowG3/FjQtF3PoZ7vwb03YW2nogcHLOvTe5x485U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99M/fYjlYpF4l5PYuqFeChYwAjWRurbx52HtOxWsirqDSKtqmh6F5Wsb5ecmjMDWiZuTkqQo9G3v8wAkoRUaMKxUl3XibWXYqkZ4TQr9hJFY0zGeEi7hgocUuWlswUydGaUAQoiaY7QaKb+7khxqNQk9E1liPVILXpT8T+vm+jgykuZiBNNBZk/FCQc6QhN00ADJinRfGIIJpKZvyIywhITbTIrmhDcxZWXSeu85jo19+6iVL/O4yjACZxCGVy4hDrcQgOaQCCDZ3iFN+vJerHerY956YqV9xzBH1ifPzGXlNY=</latexit><latexit sha1_base64="8ecriZO7NK5IzR4/GABdStbKcJw=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkOSEcowG3/FjQtF3PoZ7vwb03YW2nogcHLOvTe5x485U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99M/fYjlYpF4l5PYuqFeChYwAjWRurbx52HtOxWsirqDSKtqmh6F5Wsb5ecmjMDWiZuTkqQo9G3v8wAkoRUaMKxUl3XibWXYqkZ4TQr9hJFY0zGeEi7hgocUuWlswUydGaUAQoiaY7QaKb+7khxqNQk9E1liPVILXpT8T+vm+jgykuZiBNNBZk/FCQc6QhN00ADJinRfGIIJpKZvyIywhITbTIrmhDcxZWXSeu85jo19+6iVL/O4yjACZxCGVy4hDrcQgOaQCCDZ3iFN+vJerHerY956YqV9xzBH1ifPzGXlNY=</latexit><latexit sha1_base64="8ecriZO7NK5IzR4/GABdStbKcJw=">AAACAHicbVDLSgMxFL3js9bXqAsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkOSEcowG3/FjQtF3PoZ7vwb03YW2nogcHLOvTe5x485U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99M/fYjlYpF4l5PYuqFeChYwAjWRurbx52HtOxWsirqDSKtqmh6F5Wsb5ecmjMDWiZuTkqQo9G3v8wAkoRUaMKxUl3XibWXYqkZ4TQr9hJFY0zGeEi7hgocUuWlswUydGaUAQoiaY7QaKb+7khxqNQk9E1liPVILXpT8T+vm+jgykuZiBNNBZk/FCQc6QhN00ADJinRfGIIJpKZvyIywhITbTIrmhDcxZWXSeu85jo19+6iVL/O4yjACZxCGVy4hDrcQgOaQCCDZ3iFN+vJerHerY956YqV9xzBH1ifPzGXlNY=</latexit>

X(i)
<latexit sha1_base64="oebUgElUaJ17T+qKzaz7YakQLEQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnghYWARvLCOYDkjPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1QNOEu5HdKhEKBhFK7U7j1lVnE/75Ypbc+cgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzc+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdzIQmjOUE0so08LeStiIasrQJlSyIXjLL6+S1kXNc2ve/WWlfpPHUYQTOIUqeHAFdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fuSKPIg==</latexit><latexit sha1_base64="oebUgElUaJ17T+qKzaz7YakQLEQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnghYWARvLCOYDkjPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1QNOEu5HdKhEKBhFK7U7j1lVnE/75Ypbc+cgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzc+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdzIQmjOUE0so08LeStiIasrQJlSyIXjLL6+S1kXNc2ve/WWlfpPHUYQTOIUqeHAFdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fuSKPIg==</latexit><latexit sha1_base64="oebUgElUaJ17T+qKzaz7YakQLEQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnghYWARvLCOYDkjPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1QNOEu5HdKhEKBhFK7U7j1lVnE/75Ypbc+cgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzc+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdzIQmjOUE0so08LeStiIasrQJlSyIXjLL6+S1kXNc2ve/WWlfpPHUYQTOIUqeHAFdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fuSKPIg==</latexit><latexit sha1_base64="oebUgElUaJ17T+qKzaz7YakQLEQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoMQm3AnghYWARvLCOYDkjPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1QNOEu5HdKhEKBhFK7U7j1lVnE/75Ypbc+cgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzc+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsdzIQmjOUE0so08LeStiIasrQJlSyIXjLL6+S1kXNc2ve/WWlfpPHUYQTOIUqeHAFdbiDBjSBwRie4RXenMR5cd6dj0VrwclnjuEPnM8fuSKPIg==</latexit>

f(X(i) = x(i)|✓)
<latexit sha1_base64="JV06+CtdcBPBq8syHNKvX0Bw2uo=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEdlMSEXShUHDjsoK9QBvLZDpph04mYeZELLErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ8/ux4Boc59taWFxaXlnNreXXNza3tu2d3bqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3A5rjfumNI8kjcwjJkXkp7kAacEjNWxD4Ji8zYt8tIIX+D7jB5wG/oMSKljF5yyMxGeBzeDAspU7dhf7W5Ek5BJoIJo3XKdGLyUKOBUsFG+nWgWEzogPdYyKEnItJdOzhjhI+N0cRAp8yTgift7IiWh1sPQN50hgb6erY3N/2qtBIIzL+UyToBJOl0UJAJDhMeZ4C5XjIIYGiBUcfNXTPtEEQomubwJwZ09eR7qx2XXKbvXJ4XKeRZHDu2jQ1RELjpFFXSFqqiGKHpEz+gVvVlP1ov1bn1MWxesbGYP/ZH1+QNUg5cZ</latexit><latexit sha1_base64="JV06+CtdcBPBq8syHNKvX0Bw2uo=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEdlMSEXShUHDjsoK9QBvLZDpph04mYeZELLErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ8/ux4Boc59taWFxaXlnNreXXNza3tu2d3bqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3A5rjfumNI8kjcwjJkXkp7kAacEjNWxD4Ji8zYt8tIIX+D7jB5wG/oMSKljF5yyMxGeBzeDAspU7dhf7W5Ek5BJoIJo3XKdGLyUKOBUsFG+nWgWEzogPdYyKEnItJdOzhjhI+N0cRAp8yTgift7IiWh1sPQN50hgb6erY3N/2qtBIIzL+UyToBJOl0UJAJDhMeZ4C5XjIIYGiBUcfNXTPtEEQomubwJwZ09eR7qx2XXKbvXJ4XKeRZHDu2jQ1RELjpFFXSFqqiGKHpEz+gVvVlP1ov1bn1MWxesbGYP/ZH1+QNUg5cZ</latexit><latexit sha1_base64="JV06+CtdcBPBq8syHNKvX0Bw2uo=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEdlMSEXShUHDjsoK9QBvLZDpph04mYeZELLErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ8/ux4Boc59taWFxaXlnNreXXNza3tu2d3bqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3A5rjfumNI8kjcwjJkXkp7kAacEjNWxD4Ji8zYt8tIIX+D7jB5wG/oMSKljF5yyMxGeBzeDAspU7dhf7W5Ek5BJoIJo3XKdGLyUKOBUsFG+nWgWEzogPdYyKEnItJdOzhjhI+N0cRAp8yTgift7IiWh1sPQN50hgb6erY3N/2qtBIIzL+UyToBJOl0UJAJDhMeZ4C5XjIIYGiBUcfNXTPtEEQomubwJwZ09eR7qx2XXKbvXJ4XKeRZHDu2jQ1RELjpFFXSFqqiGKHpEz+gVvVlP1ov1bn1MWxesbGYP/ZH1+QNUg5cZ</latexit><latexit sha1_base64="JV06+CtdcBPBq8syHNKvX0Bw2uo=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEdlMSEXShUHDjsoK9QBvLZDpph04mYeZELLErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ8/ux4Boc59taWFxaXlnNreXXNza3tu2d3bqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3A5rjfumNI8kjcwjJkXkp7kAacEjNWxD4Ji8zYt8tIIX+D7jB5wG/oMSKljF5yyMxGeBzeDAspU7dhf7W5Ek5BJoIJo3XKdGLyUKOBUsFG+nWgWEzogPdYyKEnItJdOzhjhI+N0cRAp8yTgift7IiWh1sPQN50hgb6erY3N/2qtBIIzL+UyToBJOl0UJAJDhMeZ4C5XjIIYGiBUcfNXTPtEEQomubwJwZ09eR7qx2XXKbvXJ4XKeRZHDu2jQ1RELjpFFXSFqqiGKHpEz+gVvVlP1ov1bn1MWxesbGYP/ZH1+QNUg5cZ</latexit>

L(✓) =
Y

i

f(X(i) = x(i)|✓)
<latexit sha1_base64="Xueh2VOmh7cX8TKKOp/dsMC0u7M=">AAACGnicbVC7SgNBFJ31GeNr1dJmMAhJE3ZFMI0QsLGwiGAekF2X2clsMmT2wcxdMaz5Dht/xcZCETux8W+cJFto4oGBwznncucePxFcgWV9G0vLK6tr64WN4ubW9s6uubffUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsfXkz89h2TisfRDYwS5oakH/GAUwJa8kz7quzAgAGp4HPsJDLueRwH5c5tVuaVsdbuc/aA85xnlqyqNQVeJHZOSihHwzM/nV5M05BFQAVRqmtbCbgZkcCpYOOikyqWEDokfdbVNCIhU242PW2Mj7XSw0Es9YsAT9XfExkJlRqFvk6GBAZq3puI/3ndFIKam/EoSYFFdLYoSAWGGE96wj0uGQUx0oRQyfVfMR0QSSjoNou6BHv+5EXSOqnaVtW+Pi3Va3kdBXSIjlAZ2egM1dElaqAmougRPaNX9GY8GS/Gu/Exiy4Z+cwB+gPj6wcaUZ5i</latexit><latexit sha1_base64="Xueh2VOmh7cX8TKKOp/dsMC0u7M=">AAACGnicbVC7SgNBFJ31GeNr1dJmMAhJE3ZFMI0QsLGwiGAekF2X2clsMmT2wcxdMaz5Dht/xcZCETux8W+cJFto4oGBwznncucePxFcgWV9G0vLK6tr64WN4ubW9s6uubffUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsfXkz89h2TisfRDYwS5oakH/GAUwJa8kz7quzAgAGp4HPsJDLueRwH5c5tVuaVsdbuc/aA85xnlqyqNQVeJHZOSihHwzM/nV5M05BFQAVRqmtbCbgZkcCpYOOikyqWEDokfdbVNCIhU242PW2Mj7XSw0Es9YsAT9XfExkJlRqFvk6GBAZq3puI/3ndFIKam/EoSYFFdLYoSAWGGE96wj0uGQUx0oRQyfVfMR0QSSjoNou6BHv+5EXSOqnaVtW+Pi3Va3kdBXSIjlAZ2egM1dElaqAmougRPaNX9GY8GS/Gu/Exiy4Z+cwB+gPj6wcaUZ5i</latexit><latexit sha1_base64="Xueh2VOmh7cX8TKKOp/dsMC0u7M=">AAACGnicbVC7SgNBFJ31GeNr1dJmMAhJE3ZFMI0QsLGwiGAekF2X2clsMmT2wcxdMaz5Dht/xcZCETux8W+cJFto4oGBwznncucePxFcgWV9G0vLK6tr64WN4ubW9s6uubffUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsfXkz89h2TisfRDYwS5oakH/GAUwJa8kz7quzAgAGp4HPsJDLueRwH5c5tVuaVsdbuc/aA85xnlqyqNQVeJHZOSihHwzM/nV5M05BFQAVRqmtbCbgZkcCpYOOikyqWEDokfdbVNCIhU242PW2Mj7XSw0Es9YsAT9XfExkJlRqFvk6GBAZq3puI/3ndFIKam/EoSYFFdLYoSAWGGE96wj0uGQUx0oRQyfVfMR0QSSjoNou6BHv+5EXSOqnaVtW+Pi3Va3kdBXSIjlAZ2egM1dElaqAmougRPaNX9GY8GS/Gu/Exiy4Z+cwB+gPj6wcaUZ5i</latexit><latexit sha1_base64="Xueh2VOmh7cX8TKKOp/dsMC0u7M=">AAACGnicbVC7SgNBFJ31GeNr1dJmMAhJE3ZFMI0QsLGwiGAekF2X2clsMmT2wcxdMaz5Dht/xcZCETux8W+cJFto4oGBwznncucePxFcgWV9G0vLK6tr64WN4ubW9s6uubffUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsfXkz89h2TisfRDYwS5oakH/GAUwJa8kz7quzAgAGp4HPsJDLueRwH5c5tVuaVsdbuc/aA85xnlqyqNQVeJHZOSihHwzM/nV5M05BFQAVRqmtbCbgZkcCpYOOikyqWEDokfdbVNCIhU242PW2Mj7XSw0Es9YsAT9XfExkJlRqFvk6GBAZq3puI/3ndFIKam/EoSYFFdLYoSAWGGE96wj0uGQUx0oRQyfVfMR0QSSjoNou6BHv+5EXSOqnaVtW+Pi3Va3kdBXSIjlAZ2egM1dElaqAmougRPaNX9GY8GS/Gu/Exiy4Z+cwB+gPj6wcaUZ5i</latexit>

LL(✓) =
X

i

log f(X(i) = x(i)|✓)
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Think: observations of n IID random variables:

Where:         has likelihood (PDF) function:

You have now estimated parameters…



Side Plot

argmax
argmax of log

Mother of 
optimizations?

Gradient Ascent



Linear Regression (simple)

(x(1), y(1)), (x(2), y(2)), . . . (x(n), y(n))

N training datapoints

Linear Regression Lite Model

Y = ✓ ·X + Z Y |X ⇠ N(✓X,�2)Z ⇠ N(0,�2)

X = CO2 level

Y = Average Global Temperature



(x(1), y(1)), (x(2), y(2)), . . . (x(n), y(n))N training datapoints:

@LL(✓)

@✓
=

nX

i=1

2(y(i) � ✓x(i))(x(i))
<latexit sha1_base64="W1jF0sJdUY9hRZ8xXchawJ45ySM="></latexit><latexit sha1_base64="W1jF0sJdUY9hRZ8xXchawJ45ySM="></latexit><latexit sha1_base64="W1jF0sJdUY9hRZ8xXchawJ45ySM="></latexit><latexit sha1_base64="W1jF0sJdUY9hRZ8xXchawJ45ySM="></latexit>

✓̂ = argmax
✓

�
nX

i=1

(y(i) � ✓x(i))2
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Linear Regression (simple)



Initialize: θ = 0

Repeat many times:

For each training example (x, y):

! += h * gradient

gradient = 0

gradient += 2(y - θ x)(x) 

Linear Regression (simple)



X1 = Temperature

X2 = Elevation

X3 = CO2 level yesterday

X4 = GDP of region

X5 = Acres of forest growth

Y = CO2 levels

Linear Regression (regular)



Training: Gradient ascent to chose the best thetas to describe 
your data

Problem: Predict real value Y based on observing variable X

Model: Linear weight every feature

Y = ✓1X1 + · · ·+ ✓mXm + Z

= ✓TX+ Z
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✓̂MLE = argmax
✓

⇣
�

nX

i=1

(y(i) � ✓x(i))2
⌘

<latexit sha1_base64="kTCCsSOsuCXV9698bh7dzD2Oels="></latexit><latexit sha1_base64="kTCCsSOsuCXV9698bh7dzD2Oels="></latexit><latexit sha1_base64="kTCCsSOsuCXV9698bh7dzD2Oels="></latexit><latexit sha1_base64="kTCCsSOsuCXV9698bh7dzD2Oels="></latexit>

Linear Regression (regular)



Initialize: θj = 0 for all 0 ≤ j ≤ m

Repeat many times:

For each training example (x, y):

For each parameter j:

!j += h * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m

gradient[j] += (y – θTx)(-x[j])

Linear Regression (regular)



Predicting Warriors
Y = Warriors points

X1 = Opposing team ELO

X2 = Points in last game

X3 = Curry playing?

X4 = Playing at home?

!1 = -2.3

!2 = +1.2

!3 = +10.2

!4 = +3.3

!5 = +95.4X5 = 1

Y = ✓1X1 + · · ·+ ✓mXm + Z

= ✓TX+ Z
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Supervised Learning
Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

Training 
Data

New
Data

Predictions



Modelling

Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

Training 
Data

New
Data

Predictions



Training
Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

Training 
Data

New
Data

Predictions



Make Predictions

Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

New
Data

Training 
Data

Predictions
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Episode 2 
The Song of The Last Estimator 



Something rotten
in the world of MLE



Foreshadowing..



So good to see 
you again!

Need a Volunteer



• I have two envelopes, will allow you to have one
§ One contains $X, the other contains $2X

§ Select an envelope
o Open it!

§ Now, would you like to switch for other envelope?

§ To help you decide, compute E[$ in other envelope]
o Let Y = $ in envelope you selected

§ Before opening envelope, think either equally good

§ So, what happened by opening envelope?
o And does it really make sense to switch?

YYE Y
4
5

2
1

22
1 2]envelopeother in  $[ =×+×=

Two Envelopes



• The “two envelopes” problem set-up
§ Two envelopes: one contains $X, other contains $2X
§ You select an envelope and open it

o Let Y = $ in envelope you selected
o Let Z = $ in other envelope

§ E[Z | Y] above assumes all values X (where 0 < X < ¥) 
are equally likely
o Note: there are infinitely many values of X
o So, not true probability distribution over X (doesn’t integrate to 1)

YYYZE Y
4
5

2
1

22
1 2]|[ =×+×=

Thinking Deeper About Two Envelopes



All Values are Equally Likely?

X

p(X)

0 10 20 10060 8040

Infinite powers of two…



• Belief about contents of envelopes
§ Since implied distribution over X is not a true probability 

distribution, what is our distribution over X?
o Frequentist: play game infinitely many times and see how often 

different values come up.
o Problem: I only allow you to play the game once

§ Bayesian probability
o Have prior belief of distribution for X (or anything for that matter)
o Prior belief is a subjective probability

• By extension, all probabilities are subjective
o Allows us to answer question when we have no/limited data

• E.g., probability a coin you’ve never flipped lands on heads
o As we get more data, prior belief is “swamped” by data

Subjectivity of Probability



Subjectivity of Probability

X

p(X)

0 10 20 10060 8040



• Bayesian: have prior distribution over X, P(X)
§ Let Y = $ in envelope you selected
§ Let Z = $ in other envelope
§ Open your envelope to determine Y
§ If Y > E[Z | Y], keep your envelope, otherwise switch

o No inconsistency!
§ Opening envelope provides data to compute P(X | Y) 

and thereby compute E[Z | Y]
§ Of course, there’s the issue of how you determined 

your prior distribution over X…
o Bayesian: Doesn’t matter how you determined prior, but you 
must have one (whatever it is)

o Imagine if envelope you opened contained $20.01

The Envelope, Please



Envelope Summary:
Probabilities are beliefs

Incorporating prior beliefs is useful



Priors for Parameter Estimation?



• Bayes’ Theorem (q = model parameters, D = data):

§ Likelihood: you’ve seen this before (in context of MLE)

o Probability of data given probability model (parameter q)

§ Prior: before seeing any data, what is belief about model

o I.e., what is distribution over parameters q

§ Posterior: after seeing data, what is belief about model

o After data D observed, have posterior distribution p(q | D) over 

parameters q conditioned on data.  Use this to predict new data.

P(D | q) P(q)

P(D)
P(q | D) =

“Prior”“Likelihood”“Posterior”

Flash Back: Bayes Theorem



Maximum Likelihood Estimation

Maximum A Posteriori

MLE vs MAP

✓̂MAP = argmax
✓

f(⇥ = ✓|X(1) = x(1), . . . , X(n) = x(n))
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x(1), . . . , x(n)
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Notation Shorthand

✓̂MAP = argmax
✓

f(⇥ = ✓|X(1) = x(1), . . . , X(n) = x(n))
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x(i) is shorthand for the event: X(i) = x(i)
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✓ is shorthand for the event: ⇥ = ✓
<latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit>

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

Our shorthand notation

MAP, now with shorthand

MAP, without shorthand



Maximum Likelihood Estimation

Maximum A Posteriori

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

MLE vs MAP

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

Data:



Most important slide of today



Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))

<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MAP =argmax
✓

f(x(1), x(2), . . . , x(n)|✓)g(✓)
h(x(1), x(2), . . . x(n))

<latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit><latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit><latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit><latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

data:

prior

likelihood

posterior



Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))

<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

data:

=argmax
✓

g(✓)
Qn

i=1 f(x
(i)|✓)

h(x(1), x(2), . . . , x(n))
<latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit><latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit><latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit><latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit>

✓̂MAP =argmax
✓

g(✓)f(x(1), x(2), . . . , x(n)|✓)
h(x(1), x(2), . . . x(n))

<latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit><latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit><latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit><latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit>

=argmax
✓

g(✓)
nY

i=1

f(x(i)|✓)
<latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit><latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit><latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit><latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit>

=argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit><latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit><latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit><latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit>

monotonic

Fury K



Maximum A Posteriori

Estimated
parameter

Sum of 
log likelihood

Log prior

Chose the value of theta
that maximizes:

✓̂MAP =argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit><latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit><latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit><latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit>



Maximum Likelihood Estimation

Maximum A Posteriori

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

MLE vs MAP

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

x(1), . . . , x(n)
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Data:

= argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit>



Gotta get that intuition



l Prior: q ~ Beta(a, b);  data = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

This is th
e 

beta PDF

This is ???



l Prior: q ~ Beta(a, b);  data = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

= argmax
✓

log
1

�
+ (a� 1) log ✓ + (b� 1) log(1� ✓) + n log ✓ +m log(1� ✓)

= argmax
✓

log
h 1
�
✓a�1(1� ✓)b�1

i

+n log f(heads|✓)
+m log f(tails|✓)

= argmax
✓

(a� 1 + n) log ✓ + (b� 1 +m) log(1� ✓)

This is th
e 

beta PDF

Product of thetas and (1-theta)s



l Prior: q ~ Beta(a, b);  D = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

✓MAP =
n+ a� 1

n+m+ a+ b� 2

That’s the 
mode of the

 

updated b
eta

= argmax
✓

(a� 1 + n) log ✓ + (b� 1 +m) log(1� ✓)



Hyper Parameters

X1

X2
Xn

p

a b

p ⇠ Beta(a, b)

Xi ⇠ Bern(p)

a, b are fixed

Prior

Hyperparameter

Data distribution

MAP will estimate the most likely value of p for this model



l q is the probability a coin turns up heads
l Model q with 2 different priors:

l P1(q) is Beta(3,8) (blue)
l P2(q) is Beta(7,4) (red)

l They look pretty different!

l Now flip 100 coins; get 58 heads and 42 tails
l What do posteriors look like?

Where’d Ya Get Them P(!)?



l As long as we collect enough data, posteriors will 
converge to the true value!

It’s Like Having Twins
argmax returns the mode



• Just for review…
• Have coin with unknown probability q of heads

§ Our prior (subjective) belief is that q ~ Beta(a, b)
§ Now flip coin k = n + m times, getting n heads, m tails
§ Posterior density: (q | n heads, m tails) ~ Beta(a+n,b+\m)

o Beta is conjugate for Bernoulli, Binomial, Geometric, and 
Negative Binomial

§ a and b are called “hyperparameters”
o Saw (a + b – 2) imaginary trials, of those (a – 1) are “successes”

§ For a coin you never flipped before, use Beta(x, x) to 
denote you think coin likely to be fair
o How strongly you feel coin is fair is a function of x

Conjugate Distributions Without Tears



Gonna Need Priors

Bernoulli p Beta

Binomial p Beta

Poisson � Gamma

Exponential � Gamma

Multinomial pi Dirichlet

Normal µ Normal

Normal �2 Inverse Gamma

Parameter Distribution for Parameter

Don’t need to know Inverse Gamma. But it will know you…



• Gamma(k, !) distribution
§ Conjugate for Poisson Rate

o Also conjugate for Exponential, but we won’t delve into that

§ Intuitive understanding of hyperparameters:
o Saw k total imaginary events during ! prior time periods

Good Times with Gamma

2.0

4.0
4.0
4.0



• Gamma(k, !) distribution
§ Conjugate for Poisson Rate

o Also conjugate for Exponential, but we won’t delve into that

§ Intuitive understanding of hyperparameters:
o Saw k total imaginary events during ! prior time periods

§ Updating with observations
o After observing n events during next t time periods...

o ... posterior distribution is Gamma(k + n, ! + t)

o …MAP estimator for Poisson with Gamma prior is (k+n)/(! + t)

o Example: Prior for rate is Gamma(10, 5) 
o Saw 10 events in 5 time periods.  Like observing at rate = 2
o Now see 11 events in next 2 time periods à Gamma(21, 7)
o MAP rate = 3

Good Times with Gamma



Reviving an Old Story Line

The Multinomial Distribution Mult(p1, … , pk)

p(x1, . . . , xk) =
n!

x1! . . . xk!
px1
1 . . . pxk

k



• Dirichlet(a1, a2, ..., am) distribution
§ Conjugate for Multinomial

o Dirichlet generalizes Beta in same way Multinomial generalizes 
Bernoulli

§ Intuitive understanding of hyperparameters:
o Saw             imaginary trials, with (ai – 1) of outcome i

§ Updating to get the posterior distribution
o After observing n1 + n2 + ... + nm, new trials with ni of outcome i...
o ... posterior distribution is Dirichlet(a1 + n1, a2 + n2, ..., am + nm)

mai -å
=

m

i 1

f(X1 = x1, X2 = x2, . . . , Xm = xm) = K
mY

i=1

xai�1
i

Multinomial is Multiple Times the Fun



• And now a cool animation of Dirichlet(a, a, a)
§ This is actually log density (but you get the idea…)

Thanks 
Wikipedia!

Best Short Film in the Dirichlet Category



Example: Estimating Die Parameters



• Recall example of 6-sides die rolls:
§ X ~ Multinomial(p1, p2, p3, p4, p5, p6)
§ Roll n = 12 times
§ Result: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

o MLE: p1=3/12, p2=2/12, p3=0/12, p4=3/12, p5=1/12, p6=3/12

§ Dirichlet prior allows us to pretend we saw each 
outcome k times before.  MAP estimate:
o Laplace’s “law of succession”: idea above with k = 1

o Laplace estimate:

o Laplace: p1=4/18, p2=3/18, p3=1/18, p4=4/18, p5=2/18, p6=4/18

o No longer have 0 probability of rolling a three!

mkn
kXp i

i +
+

=

mn
Xp i

i +
+

=
1

Your Happy Laplace



The last estimator has risen…





One Shot Learning

Single training example: 

Test set:





Is Peer Grading Accurate Enough?

Peer Grading on Coursera
HCI. 

31,067 peer grades for 
3,607 students.  

Tuned Models of Peer Assessment. C Piech, J Huang, A Ng, D Koller



Is Peer Grading Accurate Enough?

1. Defined random variables for:
• True grade (si) for assignment i
• Observed (zij) score for assign i
• Bias (bj) for each grader j
• Variance (rj) for each grader j

Tuned Models of Peer Assessment. C Piech, J Huang, A Ng, D Koller

2. Designed a probabilistic model that    
defined the distributions for all random 
variables
zji ⇠ N (µ = si + bj ,� =

p
rj)

si ⇠ N(µ0,�0)

bi ⇠ N(0, ⌘0)

= hyperparameter ri ⇠ InvGamma(↵0, ✓0)



Is Peer Grading Accurate Enough?

Tuned Models of Peer Assessment. C Piech, J Huang, A Ng, D Koller

2. Designed a probabilistic model that    
defined the distributions for all random 
variables

3. Found variable assignments using 
MAP estimation given the observed 
data

1. Defined random variables for:
• True grade (si) for assignment i
• Observed (zij) score for assign i
• Bias (bj) for each grader j
• Variance (rj) for each grader j

Inference or Machine Learning



Parent’s Club

-100 -80 -60 -40 -20 0 20 40 60 80-100 -80 -60 -40 -20 0 20 40 60 80

99% 
within 
10pp

Error is based on ground truth assignments. Results are across all 
assignments (~10,000 submissions)

Some 
students 

were 
getting very 
erroneous 

grades

Before: After:

Improved Accuracy



Next time: Machine Learning algorithms


